Sub-millimeter Spatial Oscillations of Newton's Constant: Theoretical
  Models and Laboratory Tests by Perivolaropoulos, Leandros
Sub-millimeter Spatial Oscillations of Newton’s Constant: Theoretical Models and
Laboratory Tests
L. Perivolaropoulos1, ∗
1Department of Physics, University of Patras, 26500 Patras, Greece
(on leave from the Department of Physics, University of Ioannina, 45110 Ioannina, Greece)
(Dated: May 1, 2017)
We investigate the viability of sub-millimeter wavelength oscillating deviations from the Newto-
nian potential at both the theoretical and the experimental/observational level. At the theoretical
level such deviations are generic predictions in a wide range of extensions of General Relativity
(GR) including f(R) theories, massive Brans-Dicke (BD)- scalar tensor theories, compactified extra
dimension models and nonlocal extensions of GR. However, the range of parameters associated with
such oscillating deviations is usually connected with instabilities present at the perturbative level.
An important exception emerges in nonlocal gravity theories where oscillating deviations from New-
tonian potential occur naturally on sub-millimeter scales without any instabilities. As an example
of a model with unstable Newtonian oscillations we review an f(R) expansion around General Rel-
ativity of the form f(R) = R+ 1
6m2
R2 with m2 < 0 pointing out possible stabilization mechanisms.
As an example of a model with stable Newtonian oscillations we discuss nonlocal gravity theories.
If such oscillations are realized in Nature on sub-millimeter scales, a signature is expected in torsion
balance experiments testing the validity of Newton’s law. We search for such a signature in the
torsion balance data of the Washington experiment [1] (combined torque residuals of experiments
I, II, III) testing Newton’s law at sub-millimeter scales. We show that an oscillating residual ansatz
with spatial wavelength λ ' 0.1mm provides a better fit to the data compared to the residual New-
tonian constant ansatz by ∆χ2 = −15. Similar improved fits however, also occur in about 10% of
Monte Carlo realization of Newtonian data on similar or larger scales. Thus, the significance level
of this improved fit is at a level of not more than 2σ. The energy scale corresponding to this best
fit wavelength is identical to the dark energy length scale λde ≡ 4
√
~c/ρde ≈ 0.1mm.
I. INTRODUCTION
The discovery of the accelerating expansion of the
universe[2–4] has opened a new prospect for a possible
need for modification of General Relativity beyond the
level of a cosmological constant. Such a geometric origin
of dark energy is simple and well motivated physically[5–
9].
The typical physics scale of such geometric dark energy
required so that it starts dominating the universe at re-
cent cosmological times is λde ≡ 4
√
~c/ρde ≈ 0.085mm
(assuming Ω0m = 0.3 and H0 = 70kmsec
−1Mpc−1).
Therefore, if the origin of the accelerating expansion is
geometrical, it is natural to expect the presence of signa-
tures of modified gravity on scales of about 0.1mm.
A wide range of experiments has focused on this range
of scales [1, 10–12] and constraints have been imposed
on particular parametrizations of extensions of Newton’s
gravitational potential. Such parametrizations are mo-
tivated by viable extensions of General Relativity and
include Yukawa interactions leading to an effective grav-
itational potential
Veff = −GM
r
(1 + αe−mr) (1.1)
∗ leandros@uoi.gr
and a power-law ansatz of the form [13]
Veff = −GM
r
(1 + βk(
1
mr
)k−1) (1.2)
arising for example in the context of some brane world
models[14–17].
The Yukawa interaction parametrization (1.1) is moti-
vated by the weak gravitational field limit solution of a
point mass in a wide range of extensions of GR includ-
ing f(R) theories[18–20] massive Brans-Dicke (BD)[21–
23] and scalar tensor theories, compactified extra dimen-
sion models [24–29] etc. In each of these models the mass
scale m has a different physical origin. For example in
massive BD theories m is the mass scale of the BD scalar
and α = 13+2ω while in f(R) theories it is the lowest order
term series expansion of f(R) around GR of the form
f(R) = R+
1
6m2
R2 + ... (1.3)
In f(R) theories we have α = 13 [30]. In radion com-
pactified extra dimension models m is the inverse radius
of the extra dimension (m = b−1) while α = DD+2 [27]
where D is the number of toroidally compactified dimen-
sions even though different values may be obtained for
different compactifications [29].
In all these theories, the weak field limit solution re-
mains mathematically valid and consistent for m2 <
0[18, 30]. For this mass range the correction of the effec-
tive gravitational potential becomes oscillating takes the
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2form
Veff = −GM
r
(1 + α cos(mr + θ)) (1.4)
where θ is an arbitrary parameter. Such a potential
clearly has no Newtonian limit and could be ruled out im-
mediately on this basis[20, 31]. However, since the extra
force component averages out to zero, for sub-millimeter
wavelength oscillations and α = O(1) such an oscillating
correction could remain undetectable by current experi-
ments and astrophysical observations due to finite accu-
racy in length and force measurements.
This class of theories however, has an additional prob-
lem: the vacuum in most of such theories suffers from
serious instabilities[32, 33] (see also [34]) in this range of
values of m2. Due to these problems, the oscillating cor-
rection has not been considered in any detail and there
are currently no experimental constraints on the corre-
sponding parametrization parameters.
A peculiar feature of these perturbative results[32, 33,
35–40] is that they indicate the presence of an infinite
discontinuity in the stability properties of these theories
as m−2 → 0−. In this limit f(R) theories are extremely
unstable (with lifetime of the vacuum that approaches
zero as m−2 → 0). Exactly at m−2 = 0 however, the
theory becomes stable and identical to GR. The exis-
tence of this unphysical infinite discontinuity may indi-
cate that non-perturbative effects and non-trivial back-
grounds may play a significant role in the stability analy-
sis. Such effects are briefly discussed in the present anal-
ysis.
A more promising theoretical model where stable spa-
tial oscillations naturally occur for the gravitational po-
tential are non-local theories of gravity[41–43] motivated
from string theory and described by actions that are
made generally covariant and ghost free at the pertur-
bative level by including infinite derivatives [44–46]. For
example such an action, viable also at the cosmological
level is of the form [47]
S =
1
16piG
∫
d4x
√−g
[
R+
1
6m2
R
(
1− Λ
4
2
)
R
]
(1.5)
where m is the scale of non-locality and  is the d’ Alem-
bert operator.
In this class of theories the generalized Newtonian po-
tential remains finite at r = 0 and may develop spatial
oscillations[41, 42, 48] around the scale of non-locality
(see section II-c) which decay on larger scales. Despite
of increased complexity this class of theories has four im-
portant advantages
• They can be free from singularities while having a
proper Newtonian limit [43].
• They are free from instabilities in the absence of
tensorial nonlocal terms [49].
• They can emerge from effects at the quantum level.
In particular, light particle loops at the quantum
[42-43]
[44-46]
[47]
[48]
[1,10-11]
[49-50]
[51]
[52-53]
[54]
[57-60]
[55]
[56]
m-1
FIG. 1. A review of current constraints[1, 11, 12, 54–72] based
on the Yukawa parametrization (1.1) for deviation from New-
ton’s law (from Ref. [10]).
level can generate non-local terms in the quantum
effective action which can make it renormalizable
[50]
• They are consistent with the cosmological obser-
vations without need for cosmological constant
[47, 51–53].
Thus, in view of the generic nature of oscillating
parametrizations and the fact that there may be stabi-
lization mechanisms like backreaction from higher order
nonlinear or nonlocal terms, it is of interest to consider
in some detail the theoretical models and the observa-
tional consequences of such an oscillating correction of
Newton’s law potential. This is the goal of the present
analysis.
A wide range of experiments (see Fig. 1 and Ref. [10]
for a good review) have been performed during the recent
years imposing constraints on deviations from Newton’s
law using the Yukawa and the power law parametriza-
tions. These include torsion balance experiments [56–
60, 63–65, 67–74] measuring gravitational torques from
source masses on test masses attached to torsion bal-
ance bars, Casimir force experiments [54, 55] looking for
anomalies in the electric forces between two metal sur-
faces and atomic or nuclear experiments [75] looking for
anomalies in the dynamical evolution of particle systems
in the context of known standard model interactions.
The constraints of such experiments on Yukawa devia-
tions from a Newtonian potential are reviewed in Fig.
1.
The most constraining experiments testing the Yukawa
parametrization (1.1) for deviations from Newton’s law
for α = O(1) have been performed using a torsion balance
instrument by the Washington group [1] in 2006. For α =
1 the 2σ constraint on m was obtained as m
>∼ 18mm−1.
An interesting open question is the following: ’What are
3corresponding constraints in the context of an oscillating
parametrization for deviations from Newton’s law?’ The
answer to this question is one of the main goals of the
present analysis.
The structure of this paper is the following: In the
next section we discuss the emergence of an oscillating
deviation from Newton’s constant in a particular class
of theoretical modified gravity models: f(R) theories[76]
with f(R) = R+ 16m2R
2. We derive the parameter range
of m2 for which an oscillating deviation from the Newto-
nian potential emerges using both the f(R) formalism[77]
and the equivalent massive BD formalism[78]. We also
discuss the stability of this solution and confirm that
it is unstable in accordance with the Dolgov-Kawasaki-
Faraoni instability [32, 38]. The gravitational potential
that emerges in non-local gravity theories is also dis-
cussed and shown to have oscillating deviations from
the Newtonian potential. Even though these deviations
are in general complicated functional expressions[41], we
show that in appropriate limits they are very well fit by
simple trigonometric functions. In section III we discuss
the consistency of these submillimeter oscillations of the
generalized Newtonian potential with macroscopic large
scale observations given the finite accuracy in the mea-
surement of forces and lengths. We also use an oscillat-
ing parametrization to fit the torsion balance data of the
Washington group experiment. Finally in section IV we
conclude, summarise and discuss future extensions of the
present analysis. 1
II. SPATIAL OSCILLATIONS OF NEWTON’S
CONSTANT IN MODIFIED GRAVITY
THEORIES
II.1. f(R) theories I: The equivalent BD formalism
and the Newtonian limit
The Einstein-Hilbert action is generalized in the con-
text of f(R) theories as
SR =
1
16piG
∫
d4x
√−gf(R) + Smatter (2.1)
where R is the Ricci scalar. This action may be shown
to be dynamically equivalent to the scalar-tensor action
of a massive BD scalar field with ω = 0[78–80]
SBD =
1
16piG
∫
d4x
√−g [f(φ) + fφ(φ)(R− φ)]
+ Smatter (2.2)
Variation of the action (2.2) with respect to the field φ
leads to the condition φ = R (assuming fφφ 6= 0) which
reduces the action (2.2) to the f(R) action (2.1)[78]. As-
suming an f(R) theory of the form
f(R) = R+ 16m2R
2 (2.3)
the scalar field action (2.2) is easily shown to take the
form
SBD =
1
16piG
∫
d4x
√−g
[
(1 +
1
3m2
φ)R− 1
6m2
φ2
]
+ Smatter (2.4)
We now define the field Φ ≡ 1 + 13m2φ and the action
(2.4) takes the form
SBD =
1
16piG
∫
d4x
√−g
[
ΦR− 3
2
m2(Φ− 1)2
]
+ Smatter (2.5)
The action (2.5) is identical with the action of a massive
BD scalar field with ω = 0. Due to the non-zero mass
of the BD scalar PPN parameter γ is not of the form
γ = 1+ω2+ω =
1
2 as in the massless case. The Newtonian
limit of this theory has been investigated in detail in Ref.
[21] but we review that analysis here for completeness
setting ω = 0.
The dynamical field equations obtained by varying the
action (2.5) are of the form
Φ
(
Rµν − 1
2
gµνR
)
= 8piGTµν +∇µ∂νΦ− gµνΦ− gµν 3
4
m2(Φ− 1)2 (2.6)
Φ = 8piG
3
T +m2
(
(Φ− 1)2 + (Φ− 1)Φ) (2.7)
1 In what follows we use the metric signature (− + ++). This is
important in view of the fact that the sign of the Ricci scalar changes if a different metric signature is used and thus the sign
4We now consider the weak gravitational field of a point
mass with
Tµν = diag(Mδ(~r), 0, 0, 0) (2.8)
and thus we expand around a constant-uniform back-
ground field Φ0 = 1 and a Minkowski metric ηµν =
diag(−1, 1, 1, 1)
Φ = 1 + ϕ (2.9)
gµν = ηµν + hµν (2.10)
The resulting equations for ϕ and hµν obtained from
(2.6), (2.7), (2.9)and (2.10) in the gauge hµν ,µ− 12hµµ,ν =
ϕ,ν are of the form(
−m2)ϕ = −8piG
3
Mδ(~r) (2.11)
− 1
2
[
(hµν − ηµν h
2
)
]
= 8piGTµν + ∂µ∂νϕ− ηµνϕ
(2.12)
where h = hµµ. For static configurations equations (2.11),
(2.12) become
∇2ϕ−m2ϕ = −8piG
3
Mδ(~r) (2.13)
∇2h00 −∇2ϕ = −8piGMδ(~r) (2.14)
∇2hij − δij∇2ϕ = −8piGMδ(~r)δij (2.15)
These equations have the following solution
ϕ =
2GM
3r
e−mr (2.16)
h00 =
2GM
r
(
1 +
1
3
e−mr
)
(2.17)
hij =
2GM
r
δij
(
1− 1
3
e−mr
)
(2.18)
The metric may now be expanded in terms of the γ
post-Newtonian parameter as
g00 = −(1 + 2Veff ) (2.19)
gij = (1− 2γVeff )δij (2.20)
where Veff is the Newtonian potential. Thus we obtain
γ(m, r) =
hij |i=j
h00
=
3− e−mr
3 + e−mr
(2.21)
In the special case of m = 0 we obtain the result of
Ref. [77, 81–83] γ = 12 (extreme deviation from GR)
while for m → ∞ we recover the GR limit γ → 1. It is
therefore clear that these theories are viable and have a
of m2 in eq. (1.3) leading to stability or instability would also
change.
well defined Newtonian limit in contrast to the conclusion
of some previous studies (eg [77]).
The generalized Newtonian potential takes the form
Veff = −h00
2
= −GM
r
(
1 +
1
3
e−mr
)
(2.22)
while the corresponding force is
Feff = −rˆGM
r2
(
1 +
e−mr
3
+
mr
3
e−mr
)
(2.23)
The stability of the solution (2.16)-(2.18) may be studied
by considering perturbations of the form ϕ = ϕ0(r) +
δϕ(r, t) where ϕ0 is the unperturbed static solution
(2.16). The perturbation satisfies the equation
− δ¨ϕ+∇2δϕ−m2δϕ = 0 (2.24)
For m2 > 0 this is the Klein-Gordon equation which has
only wavelike solutions and therefore ϕ0 is stable. The
presence of higher order terms in the Lagrangian (2.5)
however could change the stability properties of this so-
lution since it is well known that the non-linear Klein-
Gordon equation can have instabilities around non-trivial
solutions (eg [84]). The vacuum solution however (ϕ = 0)
is always stable for m2 > 0.
For m2 < 0 the weak field solution of eq. (2.13) be-
comes oscillatory and takes the form
ϕ =
2GM
3r
cos(|m|r + θ) (2.25)
where θ is an arbitrary phase. The Newtonian potential
in this case takes the form
Veff = −h00
2
= −GM
r
(
1 +
1
3
cos(|m|r + θ)
)
(2.26)
This solution is perturbatively unstable in the absence
of higher order terms in the action or in the absence of
a nontrivial background energy momentum tensor. In
addition, the trivial vacuum solution (ϕ0 = 0) is clearly
always unstable for this range of m2.
II.2. f(R) theories II: The Newtonian limit in the
f(R) formalism
We now rederive the form of the weak field metric and
the effective Newtonian potential using directly the f(R)
formalism[18, 19, 30, 77, 78, 81, 85] since there has been
some controversy in the literature concerning the equiv-
alence of the two formalisms[80].
Variation of the f(R) action (2.1) with respect to the
metric leads to the generalized Einstein equations
f ′(R)Rµν−1
2
gµνf(R) = 8piGTµν+∇µ∇νf ′(R)−gµνf ′(R)
(2.27)
5Using the ansatz (2.3) and the weak field metric expan-
sion (2.10) while keeping only linear terms in hµν , the
dynamical equations takes the form
Rµν− 1
2
Rηµν = 8piGTµν +(∂µ∂ν−ηµν∇2) 1
3m2
R (2.28)
Taking the trace of (2.28) and using eq. (2.8) we find
1
m2
∇2R−R = −8piGMδ(~r) (2.29)
For m2 > 0 the physically interesting solution of this
equation is
R¯ =
2GM
r
m2 e−mr (2.30)
while for m2 < 0 we obtain oscillating form
R¯ =
2GM
r
m2 cos(|m|r + θ) (2.31)
Using now equation (2.30) in eq. (2.28) we find the equa-
tion for the 00 component as
R00 =
16
3
piGρ− 1
6
R (2.32)
At the linear level in hµν the Ricci tensor is of the form
Rµν =
1
2
(∂σ∂νh
σ
µ + ∂σ∂µh
σ
ν − ∂µ∂νh−∇2hµν) (2.33)
which for the 00 component becomes
R00 =
1
2
(−∇2h00) (2.34)
Using eq. (2.34) in (2.32) we find
∇2h00 = −32
3
piGρ+
1
3
R (2.35)
Setting ρ = Mδ(~r) and using (2.30) in (2.35) we obtain
the solution for h00 as
h00 =
2GM
r
(1 +
1
3
e−mr) (2.36)
which is identical with the corresponding result (2.17)
found using the massive BD formalism. In order to find
the hij |i=j components we express R in terms of the lin-
earized metric components as
R = −2∇2hij |i=j +∇2h00 (2.37)
Using (2.35) in (2.37) we find
∇2hij |i=j = −16
3
piGρ− 1
3
R (2.38)
which for ρ = Mδ(~r) and R from eq. (2.30) leads to
hij =
2GM
r
δij(1− 1
3
e−mr) (2.39)
This is identical to the corresponding result (2.18) ob-
tained using the massive BD formalism. The generalized
Newtonian potential and the PPN parameter γ are now
obtained in exactly the same way as in the massive BD
formalism.
For m2 < 0 the solution reduces to the oscillating form
h00 =
2GM
r
(
1 +
1
3
cos(|m|r + θ)
)
(2.40)
hij =
2GM
r
δij
(
1− 1
3
cos(|m|r + θ)
)
(2.41)
We thus conclude that the two formalisms are consis-
tent and equivalent and they predict an oscillating cor-
rection to the Newtonian potential in accordance with
equation (2.26) for m2 < 0.
II.2.1. Stability at the non-linear level
We now discuss the stability of this oscillating weak
field solution in the f(R) formulation in the presence of
nonlinear terms. Using the ansatz (2.3) in the trace of
the dynamical equations (2.27) we find [33]
− R¨+∇2R+ 1
6
R2 −m2R = −8piGMm2δ(~r) (2.42)
For large but finite m2 the linear term dominates and
this equation reduces to eq. (2.29) with solution (2.30)-
(2.31).
In order to test the stability of this solution we per-
turb it setting R = R¯+δR where δR is a time dependent
perturbation. In view of the fact that the unperturbed
solution R¯ is large (O(m2)) we need to take into account
the backreaction from the nonlinear term 16R
2 to find
the time evolution of the perturbation δR. This contri-
bution has not been taken into account in previous sta-
bility analyses[33]. Thus taking this term into account
and keeping only linear terms in δR we obtain
− δ¨R+∇2δR−m2(1− 1
3m2
R¯)δR = 0 (2.43)
where R¯ is given by eq. (2.30).
Assuming m2 < 0 and setting δR = δR0(r)e
ωt we
obtain a Schrodinger-like equation for the perturbation
δR0 of the form(−∇2 + V (r)) δR0 = −ω2δR0 (2.44)
where the potential is
V (r) ≡ m2
[
1− rc
3r
cos(|m|r + θ)
]
(2.45)
6with rc ≡ 2GM . After a rescaling |m|r → r¯ we are left
with a single dimensionless parameter r¯c ≡ |m|rc. The
presence of the large nontrivial background solution com-
bined with the presence of the nonlinear term has modi-
fied the effective mass by an oscillating r-dependent term
which is not smaller than the homogeneous mass term.
This term could in principle modify the stability prop-
erties of the background oscillating solution R¯. Notice
however that such a term would not change the stability
properties of the vacuum (R¯ = 0). We have shown by
numerical solution of eq. (2.44) that there are unstable
mode solutions (ω2 > 0) for all values of the dimension-
less parameter r¯c which rise exponentially with time for
finite r¯ and go to 0 at r¯ →∞.
In order to demonstrate the effects of the nonlinear
term on the stability of the perturbations we have solved
eq. (2.43) with initial condition δR(t = 0, r) = e−r
2
,
˙δR(t = 0, r) = 0 for both m2 > 0 (stability) and m2 < 0
instability. For m2 > 0 and proper rescaling, eq. (2.43)
takes the form
− δ¨R+∇2δR− (1− r¯c
3r¯
e−r)δR = 0 (2.46)
while for m2 < 0 it can be written as
− δ¨R+∇2δR+ (1− r¯c
3r¯
cos(r))δR = 0 (2.47)
where we have set the arbitrary phase θ to 0. In order
to demonstrate the effects of the nonlinear term on the
evolution of the perturbations we have considered the
cases r¯c = 0 (continuous lines on Fig. 2) and r¯c = 10
(dashed lines on Fig. 2). The evolution of the pertur-
bations is shown in Fig. 2 for m2 > 0 (red lines) and
m2 < 0 (blue lines). Clearly, the evolution of the pertur-
bations are significantly affected by the presence of the
nonlinear term (dashed lines) but it appears that in this
case, this term can not change the stability properties.
In different forms of f(R) the effects of such nonlinear
terms may become important enough to stabilize such
oscillating solutions or destabilize solutions that are sta-
ble at the linear level. Notice for example that one effect
of the nonlinear term is the increase of the amplitude
of the oscillations in the stable solution (m2 > 0) thus
leading to time-dependent oscillating terms which do not
decay even though m2 > 0. This is an interesting new ef-
fect with possible cosmological implications [86, 87] and
deserves further investigation.
II.3. Non-local Gravity Theories
An important problem of GR is its behavior at small
scales where it predicts the existence of singularities. In
addition, at the quantum level the theory is plagued with
unrenormalisable UV divergences (it is not UV finite)[88].
A possible cure of these divergences is the introduction
of higher derivative terms in the Einstein-Hilbert action
which can make the theory UV finite [89]. However, such
0 5 10 15 20 25 30
0.0
0.5
1.0
1.5
|m| t
δ
R
|m| rc=1|m| r=1
Nonlinear terms included
m
2<0
m
2>0
FIG. 2. The evolution of the Ricci scalar perturbations
δR(t, |m|r = 1) is shown in form2 > 0 (red lines-stability) and
m2 < 0 (blue lines-instability). The dashed lines correspond
to the presence of the nonlinear term with r¯c = 10, while for
the continous lines the nonlinear term is absent (r¯c = 0).
terms introduce instabilities at the quantum level (a spin
2 component of the graviton propagator) which can also
destabilise the classical vacuum of the theory. These in-
stabilities can be cured by making the theory nonlocal
through the introduction of infinite derivatives in the ac-
tion leading to modification of the graviton propagator
[90]. In order to avoid the introduction of new poles, such
infinite derivatives may be introduced in the form of an
exponential of an entire function [44, 45, 91, 92].
This class of nonlocal gravity theories generically soft-
ens UV divergences at the quantum level while removing
the Big Bang and Black Hole singularities[90, 93]. It also
leads to a modification of the Newtonian potential around
and below the scale of non-locality m[41–43, 48, 94]. This
modification includes a removal of the divergence of the
potential at r = 0 (the potential goes to a constant at
r = 0) and the possibility of the introduction of decay-
ing spatial oscillations on scales close to the scale of non-
locality. In particular, the predicted form of the modified
Newtonian potential in these theories is of the form [41]
Veff (r) = −GM
r
f(r,m) (2.48)
where
f(r,m) =
1
pi
∫ +∞
−∞
dk
sin(kr)e−τ(k,m)
k
(2.49)
A typical form for τ is
τ =
k2n
m2n
(2.50)
For n = 1 it may be shown that f(r) = Erf(m r2 ) which
is linear ∼ r for r < m−1 and goes to a constant for
r  m−1. The form of f(r) for n = 1 and n = 20 is
shown in Fig. 3 (r¯ ≡ mr). For n > 10 the form of f(r) is
70 5 10 15 20
0.0
0.2
0.4
0.6
0.8
1.0
1.2
m r
f
(r)
n=20 superposed with best fitn=1
FIG. 3. The form of f(r) for n = 1 (dashed green line) and
for n = 20 superposed with the fit of (2.51),(2.52). For large
n there are decaying spatial oscillations for r¯ ≡ mr >∼ 1 which
are very well fit by (2.51),(2.52). The linear behavior close to
the origin dissolves the divergence of the Newtonian potential.
practically unchanged. For large n, f(r) is very well fit
by the function
f(r) = α1r¯ 0 < r¯ < 1 (2.51)
f(r) = 1 + α2
cos(r¯ + θ)
r¯
1 < r¯ (2.52)
where α1 = 0.544, α2 = 0.572, θ = 0.885pi. Notice the
decaying oscillations that develop for r
>∼ m−1 which
constitute a signature for this class of models. This class
of models are particularly interesting not only for their
UV finiteness but also because they are free from singu-
larities while having a well defined Newtonian limit in
the case n = 1. It is therefore important search for this
type of spatially oscillating signature in torsion balance
experiment data. This type of test is implemented in the
next section.
III. OSCILLATING CORRECTIONS ON
NEWTON’S CONSTANT: CONSISTENCY WITH
MACROSCOPIC OBSERVATIONS AND
TORSION BALANCE EXPERIMENTS
III.1. Observational viability of spatial oscillations
of Newton constant
The generalized Newtonian force forms predicted in
the weak field limit of the theoretical models discussed
in the previous section may be obtained easily by dif-
ferentiation of the corresponding effective gravitational
potentials. For the non-local large n effective potential
(2.48) fit by eqs. (2.51), (2.52) we obtain for r > m−1
~F1 = −rˆGM
r2
(
1 +
2α2 cos(mr + θ)
mr
+ α2 sin(mr + θ)
)
(3.1)
0 2 4 6 8 10 12 14
-1.0
-0.8
-0.6
-0.4
-0.2
0.0
0.2
0.4
r
V
(r)
Oscillating Effective Potential: V (r)= 1
2 r2
-
1
r
(1+ cos (m r)
3
)
FIG. 4. The oscillating effective potential for a bound system
of eq. (4) with m = 100, superposed with the corresponding
Newtonian potential (red line).
while for the oscillating effective potential (2.26) obtained
for f(R) theories we have
~F2 = −rˆGM
r2
(
1 +
cos(mr + θ)
3
+
mr
3
sin(mr + θ)
)
(3.2)
The radial weak field geodesic equation for a bound sys-
tem in such a force field, after proper rescaling is of the
form
r¨ =
1
r3
− 1
r2
(
1 +
1
3
cos(mr + θ) +
1
3
mr sin(mr + θ)
)
(3.3)
This equation may be obtained using the effective poten-
tial
V (r) =
1
2r2
− 1
r
(
1 +
1
3
cos(mr + θ)
)
(3.4)
which is shown in Fig. 4 along with the corresponding
Newtonian effective potential of a bound system.
Both types of forces (3.1) and (3.2) clearly do not have
a Newtonian limit since as m → ∞ there is no well de-
fined limit for the corresponding deviations. However,
the existence of a Newtonian limit is not the relevant
question for the viability of these predictions. The rele-
vant question is the following: ‘What are the experimen-
tal and observational consequences of the above forms of
gravitational forces for
m > 10mm−1 (3.5)
and are these consistent with current experiments and
observations?’
In view of the fact that the extra spatially oscillat-
ing force component averages out to 0 over scales larger
than 1mm makes the answer to this question a nontrivial
issue. Immediately ruling out these oscillating gravita-
tional force forms just because they do not have a New-
tonian limit would be like ruling out quantum theory
8r1 
r2 
ΔΩ 
Thick Spherical Shell 
M 
FIG. 5. A point mass interacting gravitationally with a thick
massive spherical shell.
because it predicts that macroscopic objects have a wave
nature before checking if their de Broglie wavelength is
consistent with experiments.
As a simple useful toy model-system where the de-
tectability of the predicted force oscillations can be tested
consider a point mass at the center of a thick homoge-
neous spherical shell of density ρsh with inner radius r1
and outer radius r2 (Fig. 5). Consider now the mag-
nitude of the force exerted by a small solid angle ∆Ω of
the shell. Using eq. (3.2) (where the oscillating terms are
more important compared to the corresponding terms in
eq. (3.1)) we can easily find the force magnitude per solid
angle exerted by the shell on the particle as
Ftot = FN + Fa + Fb (3.6)
where FN is the Newtonian contribution and Fa, Fb are
the contributions from the oscillating components which
are of the form
FN (r1, r2) = GMρsh(r2 − r1) (3.7)
Fa(r1, r2) = GMρsh
2
m
(sin(mr2)− sin(mr1)) (3.8)
Fb(r1, r2) = GMρsh(r2 cos(mr2)− r1 cos(mr1))(3.9)
For large ri and thin shell we can have Fb >> FN
and thus it would appear that the oscillating contribu-
tion contradicts all current experiments and observations.
However, what is actually measured in any experiment or
observation is an average gravitational force over a range
of distances and object dimensions. This averaging is due
to the relative motion of objects during an observation
and also due to the inaccurate knowledge of distances
and dimensions of gravitating objects or even due to the
quantum uncertainty principle. Thus, what the observ-
able gravitational force is
F¯ =
1
δr2
∫ r1+δr/2
r1−δr/2
∫ r2+δr/2
r2−δr/2
dr′1dr
′
2 F (r
′
1, r
′
2) (3.10)
where δr is the uncertainty in r1, r2 due to the above
mentioned factors. It is straightforward to show that for
any finite r1, r2, δr and large enough m the ratios of the
oscillating components over the Newtonian component
obey
F¯b
F¯N
<∼ O ((mδr)−1) (3.11)
F¯a
F¯N
<∼ O ((mδr)−1) (3.12)
and thus can be made arbitrarily small and consistent
with macroscopic observations and experiments. A sim-
ilar conclusion can be obtained for the oscillating com-
ponents of eq. (3.1) for the oscillations coming from the
nonlocal gravity theory.
In view of the derived consistency of the predicted os-
cillating gravitational force terms with macroscopic ob-
servations it is clear that oscillating force signatures of
these theories can be searched in laboratory experiments
testing the validity of the Newtonian potential at sub-
millimeter scales. The most constraining such experi-
ment to date for the particular types of potentials dis-
cussed in the present analysis is the torsion balance ex-
periments of the Washington group[1]. The Newtonian
residual torque data obtained by the Washington group
have been used to constrain Yukawa and power law type
corrections to the Newtonian potential of the form
Veff = −GM
r
(
1 + αe−mr
)
(3.13)
and have ruled out values of m
<∼ 18mm−1 for α = 1
at the 2σ level. The corresponding gravitational force
oscillating parametrization is of the form
Feff = −rˆGM
r2
(
1 + α e−mr + αmr e−mr
)
(3.14)
In the next section we extend the analysis of the Wash-
ington group [1] using a oscillating parametrization in
addition to the Yukawa one in an attempt to search for
oscillating signatures or constraints in the data. We test
the validity of our analysis by veryfing that we obtain the
same bound on m as the one of Ref. [1] for the Yukawa
parametrization.
III.2. Fitting spatial oscillations of Newton’s
constant to the Washington experiment data
III.2.1. Maximum Likelihood Analysis
The Washington experiment used a missing mass tor-
sion balance instrument measuring gravitational interac-
tion torques with extreme accuracy. The torques devel-
oped between missing masses (holes) present in a torsion
pendulum detector and similar holes present in a rotating
with constant angular velocity attractor ring.
9-0.04 -0.02 0.00 0.02 0.04
0
5
10
15
20
25
a' ( fN ·m)
m
'
m
m
-
1
Experiment I
τ-τΝ=a' Exp[-m' r]Torque Residuals Fit
1σ 2σ contours
f (R) prediction (α=1/3)
α=1
m=18.9
N=22, χmin2=24.9 (-0.001,1.04)
-0.04 -0.02 0.00 0.02 0.04
0
5
10
15
20
25
a' ( fN ·m)
m
'
m
m
-
1
Experiment II
τ-τΝ=a' Exp[-m' r]Torque Residuals Fit
1σ 2σ contours
f (R) prediction (α=1/3)
N=32, χmin2=22.6 (0.001,-0.05)
α=1
m=18.3
-0.04 -0.02 0.00 0.02 0.04
0
5
10
15
20
25
a' ( fN ·m)
m
'
m
m
-
1
Experiment III
τ-τΝ=α' Exp[-m' r]Torque Residuals Fit
1σ 2σ contours
f (R) prediction (α=1/3)
N=33, χmin2=32.3 (-0.0026,0.068)
α=1
m=18.3
-0.04 -0.02 0.00 0.02 0.04
0
5
10
15
20
25
a' ( fN ·m)
m
'
m
m
-
1
All Data
τ-τΝ=a' Exp[-m' r]Torque Residuals Fit
1σ 2σ contours
f (R) prediction (a=1/3)
N=87, χmin2=85.4 (-0.00044,0.92)
α=1
m=20
FIG. 6. The 1σ and 2σ contours in the parameter space (α′,m′) for the Yukawa parametrization. The blue dashed line is the
line α = 1
3
projected onto the parameter space (α′,m′) in accordance with the empirical relations (3.19), (3.20). The red line
corresponds to α = 1 obtained from (3.19), (3.20) and intersects the 2σ contour at m ' 20mm−1 leading to a 2σ constraint
m > 20mm−1 in good agreement with the published 2σ constraint on m by the Washington group[1]. This agreement is a good
test for the validity of our analysis.
The differences (residuals) between the measured
torques and their expected Newtonian values were
recorded in three experiments (I, II, III) using the same
detector but different thickness of attractor disks. The
attractor thickness in each experiment was chosen in such
a way as to reduce systematic errors by comparing the
residuals among the three experiments. The residual
torques for each experiment as a function of detector-
attractor separation were published in three Figures (one
for each experiment). Experiment I suffered a minor sys-
tematic effect (the detector ring was found to be slightly
bowed) which was accounted for by modeling the heights
of the outer sets of holes to different heights. No such
systematic was present in Experiments II and III.
A total of 87 residual points were shown along with
three predicted residual curves [1, 11, 12, 95] that would
arise in the context of Yukawa type deviations (eq.
(3.13)) from the Newtonian potential for three pairs of
(α, λ ≡ 1/m). Each point referred to the value of the
residual torque (measured value minus Newtonian pre-
diction), the attractor-detector distance in mm and the
1σ error of the residual torque (see Appendix Table II).
Parametrization χ2
δτ = α′ 85.5
δτ = α′e−m
′r 85.4
δτ = α′ cos(m′r + 3pi
4
) 70.7
TABLE I. The best fit value of χ2 for each parametrization
using the total of 87 datapoints in the three experiments.
We have fit the residual torques δτ ≡ τ − τN measured
in each experiment for several attractor-detector separa-
tions, using three parametrizations:
δτ1(α
′,m′, r) = α′ (3.15)
δτ2(α
′,m′, r) = α′e−m
′r (3.16)
δτ3(α
′,m′, r) = α′ cos(m′r +
3pi
4
) (3.17)
where α′, m′ are parameters to be fit. We have fixed
θ′ = 3pi4 as it provides better fits than other phase choices.
The primes are used to avoid confusion with the corre-
sponding unprimed parameters of the deviations from the
Newtonian potential (eg eq. (3.13)).
We have used these parametrizations to minimize
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FIG. 7. The 1σ and 2σ contours in the parameter space (α′,m′) for the oscillating parametrization with θ′ = 3pi
4
. Notice
that experiment III appears to have the highest constraining power with respect to the oscillating parametrization while in
Experiment I the spatial oscillations are best fit by a higher spatial frequency (we used red color for the framelabel of Experiment
I to show this distinct behavior). However, even the data of Experiment I are well fit by the same spatial frequency as the
other two experiments (local minimum of χ2 as shown in Fig. 8). For the combined dataset there is a well defined high quality
fit at (α′,m′) = (0.004, 65.3) corresponding to a wavelength λ = 2pi
m
= 0.096mm. This best fit is about 3σ away from the null
Newtonian value α′ = 0.
χ2(α′,m′) defined as
χ2(α′,m′) =
N∑
j=1
(δτ(j)− δτi(α′,m′, rj))2
σ2j
(3.18)
where i refers to the type of parametrization (3.15)-
(3.17), j refers to the jth datapoinnt as shown in Table
II and N is the number of datapoints in each experi-
ment. The 1σ and 2σ contours for two parameters cor-
respond to the curves satisfying χ2(α′,m′) = χ2min + 2.3
and χ2(α′,m′) = χ2min + 6.17.
The detailed connection between the parametrization
parameters α′,m′ and θ′ and the corresponding param-
eters α,m and θ of the gravitational potential requires
detailed knowledge of parameters of the experimental ap-
paratus which are not available to us. These parameters
could be used to obtain a quantitative estimate of the
source integral and thus of the gravitational signal. An
approximate estimate of this signal for the case of macro-
scopic interacting disks will be obtained in what follows.
In an effort to bypass the calculation of the source inte-
gral in the case of the Yukawa parametrization, we have
attempted to make an empirical connection between the
parametrization parameters and the gravitational signal
parameters using the published residual torque curves
(with well defined best fit parameters (α′,m′)) that cor-
respond to three pairs of Yukawa potential parameters
(α,m). This empirical relation connects (α′,m′) with
the (α,m) of a Yukawa deviation in the potential and is
discussed in detail in the Appendix. It indicates that
m′ = m (3.19)
ln
(
α′
α
)
= 5.65− 3.15 ln(m) (3.20)
where m is in mm−1 and α′ in fN ·m. We stress that
these relations are approximately applicable in the case
of the Yukawa parametrization and are not necessarily
accurate for the derivation of the gravitational signal in
the case of the oscillating parametrization. In what fol-
lows however we assume that eq. (3.19) is applicable
also for the oscillating parametrization which is justified
by the approximate estimate of the source integral dis-
cussed below.
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FIG. 8. The value of the minimized χ2 as a function of the spatial frequency m without including horizontal uncertainties (left
panel) and including horizontal uncertainties σr = 0.002mm at each data-point. The location of the minima is not affected
while their depth increases at higher spatial frequencies. The red straight line corresponds to the Newtonian residual δτ = 0.
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FIG. 9. The best fit oscillating forms corresponding to the
two deepest χ2 minima (m ' 65mm−1 and m ' 202mm−1).
The blue curve with the larger wavelength, corresponds to
a spatial frequency m = 65mm−1 with wavelength λ =
2pi/m ' 0.097mm = 97µm. The (approximate) higher
harmonic (brown curve) corresponds to a spatial frequency
m = 202mm−1 with wavelength λ = 2pi/m ' 0.031mm. The
roots and maxima of the two curves are correlated and the
second curve (brown) appears as a higher harmonic of the
first (blue).
In Table I we show the best fit χ2 values for each
parametrization for the combined dataset from all three
experiments. Notice the significant improvement in
the quality of fit by ∆χ2 ' −15 of the oscillating
parametrization obtained with m ' 65mm−1 which cor-
responds to a wavelength λ = 2pim ' 0.1mm (see Fig. 7).
This scale is surprisingly close to the dark energy scale
λde ≡ 4
√
hc
ρde
= 0.085mm as discussed in the Introduc-
tion.
The 1σ and 2σ contours in the parameter space (α′,m′)
are shown in Fig. 6 (Yukawa parametrization) and in
Fig. 7 (oscillating parametrization assuming fixed θ′ =
3pi4 ) ) for each one of the three experiments and for the
combined dataset of 87 datapoints.
Lines of constant α obtained using eq. (3.20) are shown
in Fig. 6). For α = 1 the line intersects the 2σ contours at
m = m′ ' 20mm−1 (for the ’all data’ plot) thus leading
to a 2σ constraint m
>∼ 20mm−1 which is almost identical
with the constraint of Ref. [1]. This is a good test for the
validity of our analysis and of the empirical calibration
relations (3.20), (3.19).
The value of χ2 as a function of m for the oscillating
parametrization (continous blue line) and for the Newto-
nian parametrization (straight red line) is shown in Fig.
8 (left panel). For each value of the spatial frequency
m we have minimized with respect to the amplitude and
the phase of the parametrization. Even though the most
prominent χ2 minimum is the one at m ' 65mm−1 there
are some other notable minima. Two of them have a
comparable depth with the fundamental deepest min-
imum at m = 65mm−1. The spatial frequencies are
close to the third harmonic of the fundamental frequency
(m ' 195mm−1 and m ' 202mm−1). Even though
these two minima would appear to be independent, their
corresponding best fit parametrizations behave as higher
harmonics of the fundamental minimum. This is demon-
strated in Fig. 9 where it can be seen that the first few
roots of the best fit form of m ' 202mm−1 coincide with
the corresponding roots of the fundamental best fit at
m = 65mm−1.
The effects of horizontal uncertainties on the location
and depth of the minima assuming a fixed horizontal er-
ror for each datapoint of σr = 0.002mm are shown in
Fig. 8 (right panel). In this case χ2 is evaluated by
adding the term (∂δτ∂r σr)
2 in the denominator of the ex-
pression defining χ2 (eq. (3.18). Thus the definition of
χ2 becomes
χ2(α′,m′) =
N∑
j=1
(δτ(j)− δτ(α′,m′, θ′, rj))2
σ2j + (
∂δτ
∂r σr)
2
(3.21)
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FIG. 10. The residual torque data along with the best fit Yukawa (thick pink line) and oscillating parametrizations (thin blue
line). The Newtonian (with offset) best fit value and corresponding χ2 for each best fit parametrization are also shown.
As shown in Fig. 8 (right panel), the location of the
minima is not affected by this introduction of horizontal
errors even though the depth of the higher frequency min-
ima appears to increase. The depth and location of the
fundamental minimum at m = 65mm−1 are practically
unaffected by taking into account such horizontal errors
since the relevant scale of these errors is much smaller.
The residual torque data along with the best fit
Yukawa and oscillating parametrizations are shown in
Fig. 10 for each experiment separately as well as for
the combined dataset. The values of χ2 for the best fit
and for the corresponding constant fit (Newtonian plus
constant offset) are also shown on each plot.
In view of the presence of the additional minima of χ2
shown in Fig. 8 it becomes clear that the 3σ level of
significance of the m = 65mm−1 minimum that emerges
from the contour plot of Fig. 7 is a overestimate. In or-
der to obtain a better estimate of the level of significance
of this minimum we have constructed 100 Monte Carlo
realizations of the Washington data assuming an under-
lying Newtonian model. We used the same errorbars and
r coordinates of the original data and assumed a Gaus-
sian distribution for each datapoint around a zero mean
with standard deviation equal to the data errorbars. We
then fit these datasets with oscillating parametrizations
in the range 0 − 100mm−1 which includes the identified
fundamental frequency 65mm−1 by varying both the am-
plitude and the phase of the parametrization for each
value of the spatial frequency m. We found that about
10% of the deepest minima of the Monte Carlo datasets
are deeper than the observed fundamental minimum at
m = 65mm−1 (see Fig. 11). Thus, even though the
oscillating parametrization considered is a viable fit to
the data, the level of significance of the corresponding χ2
minimum is not more than 2σ.
III.2.2. Source Integral: An estimate of the expected
gravitational signal
Our assumption of a harmonic parametrization for the
fit of the torque residual data is a simplified approxima-
tion based on the theoretically predicted oscillating force
forms of eqs. (3.1) and (3.2) between point particles. In
the case of realistic forces between macroscopic bodies,
the predicted interaction force is expected to be modified.
In the case of the Washington experiments, the relevant
macroscopic bodies are disks of approximate radius of
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FIG. 11. The χ2 differences between the deepest χ2 in the
range m ∈ [0, 100] and the corresponding Newtonian value of
χ2 in 100 Monte Carlo datasets created under the assumption
of zero residuals (Newtonian model).
2.5mm and thickness about 1mm corresponding to the
missing mass holes of the apparatus.
We have obtained an independent numerical approxi-
mate estimate of the residual force that would be present
between two disks in the presence of harmonic spatial os-
cillations of the Newtonian potential. In this calculation
we have assumed a modified Newtonian force field mo-
tivated by non-local gravity (eg. (3.1)), discretized each
disk to a grid with large number of segments of scale ∆x.
Assuming two disks of the same radius R with symme-
try axes parallel to the z axis and centers at the origin
and at (x0, y0, z0) respectively, we discretize the radius as
R = R¯∆x and the height as 2h = 2h¯∆x where R¯ and h¯
are integers denoting the dimensions of the disks in units
of ∆x. The Newtonian force between two cubic segments
with central coordinates (xi, yi, zi) (included in the disk
centered at the origin) and (xj , yj , zj) (included in the
disk centered at ((x0, y0, z0)) is of the form
~FNij = −Gρ1ρ2(∆x)6
~rj − ~ri
((xj − xi)2 + (yj − yi)2 + (zj − zi)2)3/2
= −Gρ1ρ2(∆x)4
~¯rj − ~¯ri
((x¯j − x¯i)2 + (y¯j − y¯i)2 + (z¯j − z¯i)2)3/2
≡ −Gρ1ρ2(∆x)4
~¯rij
r¯3ij
(3.22)
where ρ1, ρ2 are the disk densities and the ‘barred’
quantities are integers such that eg xi = x¯i∆xi. The
total force between the disks is simply approximated as
~FNtot =
zimax∑
zimin
zjmax∑
zjmin
ximax∑
ximin
yimax∑
yimin
xjmax∑
xjmin
yjmax∑
yjmin
~FNij (3.23)
where the summation limits corresponding to the pair of
disks described above are obtained as (in what follows we
omit the ‘bars’)
zimin = −h (3.24)
zimax = h (3.25)
ximin = −R (3.26)
ximax = R (3.27)
yimin = −
√
R2 − x2i (3.28)
yimax =
√
R2 + x2i (3.29)
zjmin = z0 − h (3.30)
zjmax = z0 + h (3.31)
xjmin = x0 −R (3.32)
xjmax = x0 +R (3.33)
yjmin = y0 −
√
R2 − (x0 − xi)2 (3.34)
yimax = y0 +
√
R2 + (x0 − xi)2 (3.35)
The generalized gravitational force predicted by nonlocal
gravity theories is nonzero only for m r > 1 and it is of
the form
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FIG. 12. The residual x (left) and z (right) dimensionless force components for disk radius R = 10∆x and oscillation wavelength
λ = 5∆x. The axes units are ∆x.
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FIG. 13. The residual x (left) and z (right) dimensionless force components for disk radius R = 10∆x, λ = 5∆x. The axes units
are ∆x. The blue line for the x-component (left panel) corresponds to x0 = 1 while the red line to x0 = 10. The blue line for
the z-component (right panel) corresponds to x0 = 0 while the red line to x0 = 10. The black line corresponds to the naively
expected signal a cos(0.5z0 + θ) (we used θ = 3pi/4 for the z-component which seems to fit both the theoretically predicted and
the observed signal). Notice the predicted suppression of the signal at low distances z0 and its slow increase of the predicted
residual with distance. It may be shown that the amplitude grows up to the maximum value of 0.57 as expected since at large
distances the disks behave as pointlike particles.
~FO = −rˆGmimj
r2
(
1 +
2α2 cos(mr + θ)
mr
+ α2 sin(mr + θ)
)
(3.36)
= −Gρ1ρ2(∆x)4 ~rij
r3ij
(
1 +
2α2 cos(mrij + θ)
mrij
+ α2 sin(mrij + θ)
)
(3.37)
where m = 2piλ is the fundamental scale of the theory, and
the theoretically predicted parameter values were evalu-
ated in section II as α2 = 0.572 and θ = 0.885pi. The
predicted residual x-component of the force for this class
of models may be obtained in dimensionless form as
FxRes ≡ F
O
x − FNx
FNx
(3.38)
and similarly for the y and z components. Using these
definitions we evaluate FxRes and FzRes as functions of
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the center of the second disk coordinates z0 and x0 for
y0 = 0. We have set R = 10, λ = 5 and h = 0. The
assumed unit is ∆x. For example for λ = 100µm we
would have ∆x = 20µm and R = 200µm.
For discs with radius of R = 2mm and thickness
2h = 1mm, we would have to setup a grid with R = 100
and h = 25 for the same value of ∆x which is needed
for proper probing of the oscillations (at least 5 grid
points per spatial oscillation wavelength). This calcu-
lation would take 50002 times longer to run than the
calculation for the parameters used above which makes
such choice impractical. The above implemented choice
of dimensions however provides also fairly useful insight
about the predicted signal.
The choice of disk parameters used, corresponds to di-
vision of each disk to a grid with more than 300 segments
while thickness is ignored. The assumed spatial wave-
length of the oscillating potential was half the radius of
the disk. These assumptions allowed this simple code to
give results in relatively short time for a wide range of
relative positions between the disks. These results are
shown in Figs 12 and 13. In Fig. 12 we show a density
plot of the predicted residual force x and z components
while in Fig. 13 we show the same components when the
second disk is placed along particular spatial directions
parallel to the axes of the disks (z direction). Despite
of the qualitative nature of this approach it led to four
interesting conclusions
1. The predicted signal for the force between macro-
scopic bodies remains oscillatory but for distances
comparable to the disk dimensions, it is not a har-
monic function with constant amplitude.
2. The amplitude of the oscillating force on scales
smaller than the macroscopic bodies is suppressed
compared to the amplitude of the fundamental po-
tential oscillations.
3. The spatial frequency of the macroscopic force is
about the same as the frequency of the fundamental
oscillations.
4. The magnitude of the residual of the oscillating
force defined in eq. (3.38), tends to increase slowly
with distance. We have verified that the magni-
tude of the oscillating force tends to its pointlike
value (a2 = 0.572) at large distances between the
disks as expected. As shown in Figs 12 and 13, the
signal also exists off axis even though it is reduced
compared to the signal when the symmetry axes of
the two disks coincide.
Based on the above conclusions, an experiment designed
to detect spatial oscillations of the gravitational potential
should focus on relatively large source-detector distances
but vary these distances by small steps comparable to the
targeted oscillation wavelength. In this manner the rela-
tive residual magnitude of the signal is maximized while
the spatial frequency of the signal is properly probed.
IV. CONCLUSIONS-DISCUSSION
We have shown that the presence of sub-millimeter
oscillations of the gravitational potential is a viable
possibility at both the theoretical and the observa-
tional/experimental level.
At the theoretical level we showed that gravitational
potential oscillations appear generically in stable ex-
tended gravitational theories like non-local ghost free
gravity. Even in theories where such oscillations are
generic but unstable we showed that there is potential
for stabilization mechanisms induced by nonperturbative
effects.
At the macroscopic observational level we showed that
even though these spatial oscillations do not have a strict
Newtonian limit, they are consistent with observations
and gravitational experiments for small enough value
of the wavelength. In fact we presented evidence that
such oscillating parametrizations may provide a better
fit to torsion balance data than the Newtonian potential
parametrization even though the level of significance of
this improvement is not more than 2σ. Our data anal-
ysis involved several assumptions and simplifications es-
pecially in the estimate of the source integral. The goal
of our data analysis has not been the quantitative es-
timate of a statistically significant oscillating signature
of modified gravity on sub-milimeter scales. Instead, it
has been the demonstration of the existence of a peculiar
oscillating signal in the data which may be statistically
significant. This signal could be due to three possible
effects:
• A statistical fluctuation of the data which is more
prominent in Experiment III of [1] as shown in Fig.
7.
• A periodic distance-dependent systematic feature
in the data. Such an unnoticed class of system-
atics would not be of wide interest but it would
be notable and useful for the short-distance force
measurement community2.
• An early signal for a short distance modification
of GR. The verification of this possibility would
require extensive detailed search of short-distance
force measurement groups which will hopefully be
motivated by our analysis. Other indications of
such oscillating short-distance forces may be seen
by eye on the recent data plots (Fig. 3) of Ref. [96].
In view of the possible future verification of the last
possibility, the following challenging question needs to be
addressed ’What is the precise form and amplitude of the
theoretically predicted oscillating signal in the context of
the Washington experiment?’. In order to address this
2 I thank the referee for pointing this out
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question, a calculation of the torque between the pen-
dulum disk and upper attractor for several separations
is needed. In the present analysis we have made some
progress for addressing this question at a qualitative level
(section III.2.2) but the detailed quantitative answer is a
challenging issue that remains open and will be addressed
in a separate forthcoming analysis. The challenging na-
ture of this question emerges not only because of the
small grid spacing required compared to the oscillation
wavelength (much larger grid required) but also due to
the nonlocal nature of the signal that requires the lower
attractor of the Washington experiment to be included
in any full calculation.
Our results may have a few interesting implications:
• They may be viewed as early evidence for emerg-
ing signatures of non-local gravity in experimental
data. The idea of non-local gravity, provides one
of the very few self consistent approaches for cur-
ing the singularity problems of General Relativity
while being naturally motivated by the demand of
consistency with quantum mechanics. It is remark-
able that such a well motivated extension of Gen-
eral Relativity generically predicts the presence of
sub-millimeter spatial oscillations of Newton’s con-
stant. The prediction for these oscillations was doc-
umented clearly in Ref. [41] and was also seen in
Refs [42, 48].
• They indicate that oscillating parametrizations for
deviations from the the Newtonian gravitational
potential should be considered along with Yukawa
and power law parametrizations because they are
well motivated theoretically and consistent with
macroscopic observations.
• They indicate that the stability of f(R) theories
that are unstable at the perturbative level could
be re-examined by taking into account non-trivial
backgrounds and the backreaction from non-linear
terms that act at the non-perturbative level.
Interesting extensions of the present work include the
following:
• A more detailed analysis of the existence and stabil-
ity of theoretical models that predict the existence
of sub-millimeter oscillations of the gravitational
potential and of Newton’s constant. In addition to
the models discussed in the present analysis such
models may include the presence of compact time-
like extra dimensions [97], brane-world models etc.
• A detailed analysis of the macroscopic effects of
sub-millimeter oscillations of Newton’s constant
including possible effects on solar system scales
and/or Lunar Ranging experiments.
• The cosmological effects of such oscillations could
also be of significant interest especially in view of
the experimental indications that they may exist
with a wavelength close to the dark energy scale.
For example oscillations of Newton’s constant in
time are generically present in stable scalar tensor
theories and theories with compact extra dimen-
sions and have been shown [86, 87] to have inter-
esting cosmological features including their possible
role as dark energy candidates.
• The use of alternative parametrizations to fit the
torque-residual data. It may be possible to find al-
ternative parametrizations that provide better fits
which may provide hints for the construction of new
theoretical models. It is also important however
to identify possible sources of systematics in the
data that may induce spurious non-physical fea-
tures. For example the minor systematic effect in
Experiment I coming from the slightly bowed de-
tector ring could be the origin of the difference of
best fit spatial wavelength by a factor of 2 found in
the data analysis of Experiment I.
• If the observed signal in the Washington group data
is physically interesting it should leave a signature
on other experiments which have the required sen-
sitivity to see the signal (eg [95, 96, 98–101]). It is
therefore important to extend this analysis to other
datasets in an effort to identify similar signatures in
other datasets. An investigation along these lines
is currently in progress.
In conclusion, we have presented a novel and potentially
important result that could motivate further work in the
active field of theoretical and experimental searches for
modification of GR.
Numerical Analysis: The Mathematica file that led
to the production of the figures may be downloaded from
here.
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APPENDIX
In this Appendix we describe the derivation of the em-
pirical relations (3.19) and (3.20) and we show the resid-
ual torque data used for the fit of the parametrizations
considered.
In order to calibrate the measured torque residuals and
connect them with the parameters of the deviations from
the Newtonian potential (α and m of eq. (3.13)) we use
the published residual torque curves that correspond to
Yukawa type Newtonian deviations for specific parameter
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FIG. 14. The curve describing a Yukawa deviation from the
Newtonian potential in the torque residuals (thick dots) is fit
well as an exponential with the same value of m (continous
line).
values. We find that these residual curves are very well
fit by exponentials with the same exponents as the ex-
ponents of the Yukawa Newtonian potential deviations.
This is consistent with eq. (3.14) which implies that the
dominant residual torque for mr > 1 is
τ − τN ∼ e−mr (4.1)
This exponential behavior of the residual torque is veri-
fied in Fig. 14 where we show the published in Ref. [12]
form of the residual torque (thick dots) corresponding to
a Yukawa deviation with α = 1 and λ ≡ m−1 = 0.25mm
superposed with the best fit exponential α′e−r/λ
′
. As
expected we find excellent fit for λ′ = λ = 0.25mm. Also
since α = 1 and the best fit is α′ = 4.6 we have α
′
α = 4.6.
Using also the other two similar residual torque curves
of Ref. [1] for (α,m−1) = (1, 0.08mm) and (α,m−1) =
(105, 0.01mm), we evaluate the corresponding ratios λλ′
and α
′
α and thus construct Fig. 15. Using a proper fit
to these points we derive the empirical relations (3.20),
(3.19) which relate (α,m), with (α′,m′).
Finally, in Table II we show the datapoints used to find
the best fit for the three parametrizations (3.15), (3.16)
and (3.17). These datapoints, obtained from Figs. 3, 4
and 5 of Ref. [1] using plot-digitizer software3, are shown
in Table II. The uncertainties in the measurement of r in
the data of Table II is in the range of 0.002 − 0.005mm
which is much smaller than the scale of the oscillation
signal. As shown in Fig. 8 the uncertainties of r in
this range leave the χ2 minima in the range around m ∈
[0, 100]mm−1 practically unaffected.
TABLE II: The residual torque 87 datapoints used for the χ2 analysis.
3 http://arohatgi.info/WebPlotDigitizer/
r mm τ − τN (fN ·m) 1σ (τ − τN ) Experiment
0.062 0.039 0.036 I
0.065 0.036 0.023 I
0.067 -0.008 0.014 I
0.068 -0.007 0.006 I
0.07 -0.018 0.012 I
0.073 -0.002 0.01 I
0.077 0.032 0.014 I
0.084 0.009 0.007 I
0.095 0.005 0.006 I
0.106 -0.004 0.008 I
0.114 -0.006 0.005 I
0.146 -0.001 0.006 I
0.237 0.002 0.006 I
0.379 0.007 0.006 I
0.577 -0.007 0.003 I
0.915 0. 0.007 I
1.301 0.003 0.005 I
1.995 0.004 0.006 I
3.021 0.008 0.006 I
4.027 0. 0.005 I
5.04 0.001 0.004 I
8.512 0.001 0.004 I
0.065 0.012 0.018 II
0.067 0.016 0.027 II
0.069 0.029 0.035 II
0.069 -0.021 0.015 II
0.072 0.014 0.012 II
0.075 0.009 0.02 II
0.079 0.01 0.014 II
0.082 -0.023 0.01 II
0.085 0.011 0.029 II
0.087 0.011 0.017 II
0.089 -0.002 0.009 II
0.091 0.012 0.014 II
0.095 0.001 0.01 II
0.095 0.001 0.007 II
0.099 0.004 0.007 II
0.106 -0.002 0.007 II
0.122 0. 0.004 II
0.132 0.006 0.008 II
0.145 0.005 0.009 II
0.179 -0.003 0.005 II
0.222 -0.006 0.007 II
0.274 0.002 0.005 II
0.322 -0.001 0.006 II
0.531 0.011 0.006 II
1.024 0.007 0.005 II
1.221 0.005 0.005 II
2.014 0.001 0.005 II
3.021 0.002 0.003 II
4.014 -0.002 0.005 II
4.983 0.004 0.004 II
5.981 -0.005 0.006 II
8.054 0.007 0.006 II
0.057 0.075 0.05 III
0.06 0.035 0.036 III
0.06 0.013 0.028 III
0.061 0.006 0.03 III
0.064 0.016 0.026 III
0.064 -0.021 0.043 III
0.065 -0.016 0.019 III
0.069 0.004 0.014 III
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FIG. 15. Using three plots like the one shown in Fig. 14 we may relate the parameters (α,m) of the potential deviations
with the corresponding parameters (α′,m′) in the space of torque residuals fit with the same parametrization. These plots
demonstrate the validity of eqs (3.19) and (3.20) (continous lines through points).
0.07 0.012 0.023 III
0.07 0.025 0.023 III
0.072 -0.023 0.02 III
0.076 -0.014 0.016 III
0.081 0.009 0.011 III
0.085 -0.005 0.011 III
0.098 -0.006 0.01 III
0.116 0.002 0.007 III
0.131 -0.022 0.01 III
0.151 0.013 0.007 III
0.162 0.005 0.007 III
0.176 -0.007 0.006 III
0.205 -0.004 0.005 III
0.23 -0.004 0.007 III
0.322 -0.002 0.005 III
0.548 0. 0.009 III
0.777 -0.004 0.005 III
1.044 -0.006 0.007 III
1.168 -0.013 0.005 III
1.958 -0.002 0.005 III
2.423 -0.01 0.006 III
2.957 0.01 0.006 III
3.784 -0.005 0.006 III
4.993 0.002 0.006 III
6.416 -0.002 0.005 III
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